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Abstract 

Exceptional modular invariants for the Lie algebras B2 (at levels 2, 3, 7, 12) and G2 
(at levels 3,4) can be obtained from conformal embeddings. We determine the associated 
algebras of quantum symmetries and discover or recover, as a by-product, the graphs 
describing exceptional quantum subgroups of type B2 or G2 which encode their module 
structure over the associated fusion category. Global dimensions are given. 

Keywords: quantum symmetries; modular invariance; module-categories; conformal field 
theories. 

Classification: 81R50; 16W30; 18D10. 

1 Introduction 

What is written below summarizes what is needed to obtain and study quantum sub- 
groups (self-fusion) associated with existence of conformal embeddings G C K. In this 
section we do not assume that G coincides with B2 or 6*2. Warning : several properties 
reminded below do not necessarily hold in other types of situations like non-simple con- 
formal embeddings followed by contraction, or other types of mechanisms also leading to 
quantum modules or modular invariants. 

To every complex Lie group G and to every positive integer k (the level) , one associates 
a fusion category that can be described either in terms of integrable representations of 
affine Lie algebras, or in terms of a particular class of representations of quantum groups 
at roots of unity [2U] . Fusion by fundamental integrable representations can be described 
by graphs called "fusion graphs". These fusion categories somehow generalize, at the 
quantum level, the theory of representations of Lie groups and Lie algebras, and the 
process of "fusion" replaces the usual notion of tensor product of representations. 

To every such fusion category is associated a Wess-Zumino-Witten model describing a 
conformal quantum field theory of diagonal type, defined on a torus. By "diagonal type", 
one means that the vacuum partition function of the model, written in terms of characters, 
is a sesquilinear form fully determined by a modular invariant matrix M, which, in those 
cases, is just the identity matrix. 
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In classical group theory, groups may have non trivial subgroups and the space of 
characters of a subgroup is a module over the ring of characters of the group. In the 
present situation, we have a fusion ring, specified by the pair (G, k) and one may look 
for quantum analogs of subgroups (or modules) by looking at "module-categories" over 
which the given fusion category acts |131 I21[ I25j . To every such quantum module is 
also associated a partition function, which is modular invariant but not diagonal, and 
that physically describes a boundary conformal field theory. Two such quantum modules 
may be associated to the same partition function, the classification issues are therefore 
different. The module structure is entirely determined by the action of the generators 
of the fusion ring on the chosen module, and this can be encoded by matrices with non 
negative integer entries, or, equivalently, by one or several graphs. 

A last ingredient to be introduced is the concept of algebra of quantum symmetries 
or double triangle algebra DTA [23 : given a module-category £k over a fusion category 
Ak{G), one may define its endomorphism category 0{E) = Endj^E. In practice one 
prefers to think in terms of (Grothendieck) algebras and modules, and use the same nota- 
tions to denote them: given a quantum module £k over the fusion algebra Ak{G), one may 
define an algebra 0{E) "of quantum symmetries" which acts on £ in a way compatible 
with the A action. The fundamental objects of Ak{G), i.e., to those fundamental repre- 
sentations of G that exist at the given level, also act on 0{E), and in particular on its 
simple objects, in two possible ways (the later is a bimodule over the former), so that one 
can associate to each of them two matrices with non negative entries describing left and 
right multiplication, and therefore two graphs, called left and right chiral graphs whose 
union is a non connected graph called the Ocneanu graph. The chiral graphs associated 
with one or another fundamental object of Ak{G) can themselves be disconnected. More 
generally, the bimodule structure of 0{E) is described by "toric matrices" that can be 
physically interpreted as twisted partition functions (presence of defects, see |26j). 

The classification of = su{2) modular invariant partition functions (which coincides 
with the classification of Ai quantum modules) was performed more that twenty years ago 
[3] and was shown to be in one to one correspondence with the ADE Coxeter-Dynkin dia- 
grams (i.e., with the simply laced complex Lie algebras). The classification of A2 = su{3) 
modular invariant partition functions was obtained by |16) , and the graphs describing 
the action of the fundamental representations of SU{3) on the associated modules were 
discovered by [12], see also [HI E] (the classification was slightly amended in [24j)- In 
the case of A3 — su(4), the classification of quantum modules (and corresponding graphs) 
was obtained at the end of the nineties and presented in [55j. For every single choice 
of G we have the diagonal theories Ak{G) themselves (with Ak{SU{2)) = ^fc+i) but we 
also meet several non diagonal infinite series, usually denoted V, like the Deven or Dodd 
members of the SU{2) family, and also a finite number of exceptional cases, like the Eq, 
i?7 and Es examples of the same G = SU{2) family. 

Conformal embeddings of a Lie group G into simple Lie groups i^j^give rise to modular 
invariants that are sums of squares (called typcj^/). This happens for instance for the D4, 
Eq and Eg, invariants of the SU{2) family, or for the I?3, £5, Sg and £21 invariants of the 
SU(3) family. These cases share several nice features: first of all, from the study of the 
connected parts of the chiral graphs, one can obtain one or several quantum modules for 
Ak', moreover the module £k associated with the connected component of the identity, in 
chiral graphs, can be endowed with an associative multiplication with non-negative struc- 
ture constants, compatible with the action of the fusion algebra (such modules are said to 
have self- fusiorj^ and define "quantum subgroups" ). In other words, the choice of a con- 
formal embedding singles out a quantum subgroup (called exceptional), and sometimes, 

^They are listed in references [11 [191128] 

^When the modular invariant is not block diagonal, it is of type II 

''We use this terminology only when £k is a subalgebra of its algebra of quantum symmetries 
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like for SU{3) at level 9, an exceptional quantum module. 

When G is semi-simple, conformal embeddings followed by contractiorj^ with respect 
to a simple factor lead to modular invariants that may or may not be of type /. For 
instance, when G = SU{2), the cases Er and D (even or odd) can be obtained from 
non-simple conformal embeddings followed by contraction, but i?7 and -Dodd do not en- 
joy self-fusion whereas the Deven do; notice that the lowest member (fc = 4) of the D 
series with self- fusion can be obtained both from direct (i.e., non followed by contrac- 
tion) conformal embedding, namely SU{2)4 C SU{3)i, or from a contracted embedding 
SU{2)i X S'C/(4)2 C 5f/(8)i. 

Quantum symmetries (DTA) for quantum subgroups of type G = SU{2) were first 
obtained in [52] and [53], see also [23 [H]. For G = SU{3) they were also first obtained in 
[22] , see also [3 |6l [15] . Quantum symmetries for exceptional quantum subgroups of G = 
SU{4:) are described in [7l|8]. Exceptional quantum subgroups of the rank two Lie algebras 
G = B2 ^ G2 and G = G2 occur at levels k = 2,3, 7, 12 for the former, and fc = 3, 4 for the 
later. The associated modular invariants themselves were obtained long ago by [1], [50] . 
and some fusion graphs for G2 (in the case of A2 ^ SU{3) see also [H]) were obtained first 
in [lOj . by imposing various types of constraints, in particular eigenvalues constraints, on 
their adjacency matrices. Our purpose, in this paper, is to determine their algebras of 
quantum symmetries (this was not done before), or equivalently their Ocneanu graphs, 
and to deduce the fusion graphs from the later. For instance, in the G2 case, fusion 
graphs already obtained in |lOj (figures 27 and 35) correspond to subgraphs with blue 
lines of the Ocneanu graphs given in figures [18] and [2l] of the the present paper. These 
algebras are determined by solving the so-called modular splitting equation that expresses 
associativity of their bi- module structures over the fusion algebras AkiG). Solving the 
full set of modular splitting equations - what we do here - gives full information, not only, 
as a by-product, the fusion graph of the quantum subgroup]^ but the collection of toric 
matrices (twisted partition functions for boundary conformal field theory with defects), 
the quantum symmetries, and, in some cases, exceptional quantum modules associated 
with the same modular invariant (they appear at levels 3, 7 for B2 and at levels 3,4 for 
G2). As far as we know, the fusion graphs for quantum subgroups and quantum modules 
of B2 did not appear before. 

There exist quantum modules and quantum subgroups of type B2 and G2 associated 
with conformal embeddings of non-simple type followed by contraction, however we do 
not call them "exceptional" (by definition) , and therefore we do not study them here. The 
case 1^2 (-B2) is special, since, once constructed as an exceptional quantum subgroup of B2 
at level 2, it can be recognized as an orbifold 'D2{Spin{h)) i.e., as "a structure of type 2?", 
a kind of higher analog of L»4 = Vi(SU{2)), Vs{SU {?,)), or I?2(5'C/(4)). There is another 
partition function for G2 at level 4 found in jM), which is of type //, and should give 
rise to a module]^ denoted £4(G2) isomorphic to a module ^3(^4); its algebra of quantum 
symmetries is actually isomorphi(Q with Ai{G2) — A^^Fi^) but we shall not study it here 
because it is not obtained from a conformal embedding. 

The size of calculations involved in the study of any single example is huge, and many 
interesting results will have to be put aside. For instance it would be unreasonable to 
present the 81 distinct twisted partition functions (matrices of size 91 x 91) associated 
with the 144 quantum symmetries of £i2(i?2)- However fusion graphs and Ocneanu graphs 
are reasonably small, so that they can be presented and commented. More details will be 
given in a thesis [?7] . 

■^or "contracted embeddings" 

^Although standard practice, we shall usually refrain from using the notation Gh to denote Ak{G). 
^Its fusion graph is denoted in (Tn]: the subscript k (level) is shifted by the dual Coxeter number. 
^Equality of fusion matrices A^oi(G2) Niqqq{F4,) and Nio{G2) ^ A^oooi(-F4) at respective levels 4 and 3 
can be seen from tables of fusion graphs and quantum groupoid structures given in [9] . 
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2 Terminology, notations and techniques 



2.1 General methods 

Irreducible representations of the Lie group G are denoted m,n . . . The level of an irre- 
ducible representation n of highest weight A„ is the integer (A„, 9) where 9 is the highest 
root of LieG, and (..,..) is the fundamental quadratic form. These representations ap- 
peal]^ as simple objects of Ak = Ak{G), if and only if their level is smaller or equal to k. 
This condition selects a finite set, with cardinal r^i, of irreducible representations m,n . . . 
of G that are parametrized by r-tuples in the basis of fundamental weights (r is the rank 
of G); the objects m are ordered by increasing values of the level, and, at a given level, 
the r-tuples are sorted in a standard way, starting from the end (see examples later) . One 
says that a representation of G "exists at level fc" if its level is smaller than k or equal to 
k. Fundamental representations of G correspond to the fundamental weights. In the case 
G = SU{N) all fundamental representations already appear at level 1. This is usually 
not so for other choices of G. We call "basic representations" those fundamental rep- 
resentations of G that have smallest classical dimension. Quantum dimensiorj^ qdim{n) 
of a simple object n can be calculated from the quantum version of the Weyl formula, 
together with the choice of a root of unity q = exp^in/K), with an altitude k = k + g, 
where g is the dual Coxeter number of G. The order of Ak (or global dimension) is 

Products of simple objects of Ak read mn = ^ NmnpPi they are described by fusion 
coefficients and fusion matrices Nm with {N„i)np ~ Nmnp of dimension va x va- Fusion 
coefficients depend on the level k, they can be obtained from the Verlinde formula (sec. 



2.2.51. To use this expression, one needs to know the va x va matrix representing S, 



one of the two generators (S and T) of the modular group 5L(2,Z) in a vector space of 



dimension r^; it is calculated from the Kac-Peterson formula [T7|[TH] (see sec. 2.2.5), or 
from character polynomials, and the calculation involves in any case a summation over 
the Weyl group of G, which is in general tedious. Using Verlinde formula to determine 
all fusion coefficients turns out to be time consuming; it is more efficient to use it to 
calculate only the fundamental fusion matrices Nf (those associated with fundamental 
representations / existing at level k) and to obtain the other fusion matrices iV„ from the 
fusion polynomials that express them polynomially, with rational coefficients, in terms of 
the fundamental ones (introduce a vector u — (ui, . . . , u^^) with components, write for 
each fundamental / the family of equations Uf x (u) ~ Nf . (u) and solve for u„ in terms 
of the M/'s). At this point, one can recover the quantum dimension of simple objects n by 
calculating the normalized Perron Frobenius vector associated with the basic fundamental 
fusion matrix (its Perron Frobenius norm is denoted /3), or from the entries of the matrix 
S", and also recover the quantity |^fc|. 

From the chosen conformal embedding (G, k) C {K, 1), one determines, by reduction, 
a non trivial modular invariant AI: a matrix of dimension ta x va, with non negative 
integer entries and Mn = 1, commuting with S and T. From that piece of data, one 
reads: rE = Tr{M), the number of simple objects of £k, tq = Tr{MM*^) the number 
of simple objects of 0{E), and rw — #({("^, ")Mfm^„ ^ 0)}, the rank of the family of 
toric matrices Wxo (see below), an integer smaller or equal to ro- One can also calculate 
quantities like or \£k\ that are quantum analogues of cardinalities for discrete 

subgroups or cosets. 

Call x,y,... the generators associated with simple objects of 0{E). Its bimodule 
structure over Ak is encoded by toric matrices W^y defined hy mxn = J2y 0^xy)m7i Vi or 
by matrices Vmn defined by {Vmn)xy = {Wxy)mn- In general, existence of a conjugation 
(a "bar operation" m i— )■ m) sends Wxo to Wqx, but we shall not have to worry about 



They are often called integrable, in relation with the theory of affine Lie algebras, 
^or "categorical dimension". We shall often drop the adjective and just write "dimension". 
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that here because this operation is trivial for B2 and G2, so we set Wx — Wxo — Wqx- 
Imposing bimodule associativity {mim2)x{nin2) — mi{ni2xni)n2 and takinj^ x = 
leads to the modular splitting equatiorp] 

X 

where we used the fact that W^q — M . For every choice of the pair (to, n) (there are 
r\ choices) the left hand side ICmn, itself a matrix va x r^i, is known. The (often 
arduous) problem is to determine the Wxo matrices. One uses the property that, for 
each choice of {m^n), the coefficients {Wox)mn on the r.h.s. of the above equations are 
strongly constrained by the fact that (/Cm„)™n = J2p,qi^m)rnp {M)pq {N^n )qn is a calcu- 
lable integer equal to a sum of squares measuring the norm |(Woa;)m„p of a vector 
{WQx)mn X & 0{E), its components being themselves non-negative integers. The toric 
matrices Wxo are therefore determined from the matrices ICmn associated with vectors of 
increasing norms 1, 2, 3 . . . More details about this technique can be found in [5] and [T5] . 
One difficulty, apart from the size of matrices involved, comes from the fact that the rank 
rw of the family of matrices Wxo is usually smaller than ro ■ 

Once the Wxo matrices are determined, one notices that another particular case of the 
(bi) associativity constraints gives intertwining equations 

NfWxoNo''' = J2iVfo)xyWyo and iVgM^.o iY/"^ = ^ (%),^ W^^o 
y y 

This gives a set of linear equations for the VfQ. A priori the solution could be non unique, 
but it turns out that it is so, up to isomorphism (at least in the studied cases), after 
imposing that matrix elements should be non-negative integers. So, for every fundamental 
object / of Ak one obtains two matrices V/o and V^f called chiral left and chiral right 
generators. They are adjacency matrices for the various graphs that build the Ocneanu 
graph of quantum symmetries. 

The fusion graph of £k is obtained from any one of the two chiral parts of the later 
(for instance left) by requiring that its vertices, to be the simple objects a, 5, . . . of £k, 
should span a space of dimension ve stable under the action of Ak- The Cayley graph(s) 
for this action is (are) deduced from a studjj^ of the connected components of the chiral 
generators Vfo. As a by-product we obtain the adjacency matrices Ff describing this 
action. More generally, the action of simple objects of Ak on simple objects a,b, . . . of 
£k reads n a = ^ Fnab b and is characterized by the so-called annular matrices Fn with 
{Fn)ab = Fnab of dimension x r^. Since they provide a representation of the fusion 
algebra, the easiest way to obtain all of them, once we have the fundamental ones, Ff, is 
to use the already determined fusion polynomials u„ since they also express Fn in terms 
of the Ff's. We introduce the (rectangular) essential matrices Ea with {Ea)nb — Fnab of 
dimension va x te- 

The matrix Eq, where is the unit object of £k, plays a special role and is often 
called "the intertwiner" . One can then obtain quantum dimensions for all simple objects 
of Sk-, either by calculating the normalized Perron Frobenius eigenvector of the basic 
annular matrix, or by another technique using the induction-restriction rules read from the 
intertwiner Eq (see later). As a check, one can in particular calculate \£k \ = X]a('?^^"^('^))^ 
and recover the result already directly obtained in a previous step. 

^"^Our indices often refer to some chosen ordering (starting with 1) on the collection of simple objects of A, 
£ or O, but we also denote their unit by 0, so that, for instance, A''{o,o}5 -^1 and No denote the same identity 
matrix 1. This will be clear from the context and should not confuse the reader. 

^^This equation was first displayed in[52], the derivation presented above was found in 29 . 

^^£k contains the identity 0, but in some cases one can discover other quantum modules (not subgroups). 
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At this point, there are still several interesting things to do, for instance : 1) obtain 
explicitly a system of generators Ox for 0{E), 2) Obtain, for each simple object x of 
0{E), a matrix that encodes structure constants of the module action of this algebra 
on the module £, 3) obtain a system of generators Ga for £; remember that in the present 
situation, the module enjoys self-fusion. This multiplication should be compatible with the 
module structure: {na)b = n(ab). It is not always commutativep^ nevertheless la = ol, 
so that {na)l = {nl)a requires the constraint Ea — E^.Ga- Bi-module associativity 
m{xy)n — {mx){yn) implies in particular the relation y„o — X^z (Kto)ozOz, so that if 
the first line of the matrix V/o contains a simple non-zero entry equal to 1 (it is so for 
quantum subgroups of type SU{n),n — 2,3,4), one may define Oj = V/o- In the same 
way the relation n[ab) — {na)b implies in particular Fn — {Fn)oc Gc, and if the first 
line of Ff contains a simple non-zero entry equal to 1, one obtains a graph matrix G/ 
equal to Ff, but there is no justification for doing so in generaj^ and we shall actually 
meet a counter-example in studying £2{B2). 

Simple objects a, 6, ... of the module-category can also be thought as right modules 
over a Frobenius algebra J- , which is a particular object in the monoidal category Ak- This 
object is not simple in general, and its decomposition in terms of simple objects can be read 
from the first column of the intertwiner Eq (the first essential matrix describes induction 
rules). Actually, for quantum subgroups examples coming from conformal embeddings, 
this decomposition can also be read from the modular block of identity in the partition 
function (the modular invariant), and this is simpler. 

Finally, following the lines of [25;, one can associate a quantum groupoid B to every 
module-category E^. It is a finite dimensional weak Hopf algebra which is simple and 
co-semisimple. One can think of the algebra S as a direct sum of matrix simple 
components, and of its dual, the algebra B, as a sum of tq matrix simple components. 
The dimensions d„ (and dx) of these blocks, called horizontal or vertical dimensions, 
or dimensions of generalized spaces of essential paths, or spaces of admissible triples or 
generalized triangles, etc. , can be obtained from the annular (or dual annular) matrices. 
We shall not give more details about the structure of this quantum groupoid in the present 
paper but, for each of the studied examples, we shall list the dimensions of its blocks as 
well as its total dimension dts = ~ X^x 

Sequence of steps 

In order to study a particular quantum subgroup of G at level fc, determined by a conformal 
embedding G C K, the strategy is the following. 

• Step 1: Determine the SL{2,'Z) generators S and T, the fusion matrices Nm at 
level fc, the quantum dimensions qdim{n) of simple objects of ^fc(G) and the global 
dimension (quantum order) |^fc(G)|. Draw the fundamental fusion graph(s). De- 
termine fusion polynomials for the fusion algebra. 

• Step 2: Determine the modular invariant AI from the embedding G d K. Find r^, 
TOi Tw and calculate the global dimension \£k\- 

• Step 3: Solve the modular splitting equation and determine all ro toric matrices 
Wxo (with a single twist). This is technically the most involved part of the whole 
procedure. 

• Step 4: For each fundamental representation of G existing at that level, solve the 
intertwining equations for the left and right chiral generators V/o and Vq / of the al- 
gebra of quantum symmetries 0{E). Draw the graph(s) of quantum symmetries. As 

'^^Existence of classical symmetries for the graph £k often leads to non-commutativity of the self-fusion and 
of the algebra of quantum symmetries (nevertheless, chiral left and right parts commute). 
^■*We thank G. Schieber for this comment. 
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a by-product, obtain the graph defining the quantum subgroup £ and its adjacency 
matrix. In some cases, one also obtains, at this step, an exceptional module. 

• Step 6: Study £. Draw its graph(s). Calculate the quantum dimension of its simple 
objects. Check the already obtained value of its global dimension. 

• Step 7: Using the fusion polynomials (step 1), obtain the ta annular matrices Fn 
and in particular the intcrtwiner i?o (tables of induction). Calculate the size of the 
horizontal blocks (horizontal dimensions) and the dimension of the bialgebra B. 

• Steps 8: Obtain generators Ox, dual annular matrices Sx and graph matrices Gx- 
2.2 Remarks 

2.2.1 The chiral modular splitting technique 

One can replace the modular splitting equation (step 3) by a system of equations that 
is technically simpler than the other but gives less information since it determines the 
adjacency matrices describing the graph(s) of £, as well as the intcrtwiner Eq and the 
annular matrices, but does not provide a description of the algebra of quantum symme- 
tries. The chiral equation of modular splitting is a simplified form of the full system of 
equations, refiecting the fact that the following equality, for m,n € Ak,a G holds: 
(m(na)) = (m.n)a. For cases where {Fp)^^^ = Mpo, a condition that holds for cases 
associated with conformal embeddings, this associativity constraint implies immediately 
J2pi^ri)mp Mpo = J2b i^n)ob (^m)bo- "^^"^ ^'^^^ hand side (that involves only the first line 
of the modular invariant matrix) is known and the right hand side (the annular matrices) 
can be determined thanks to methods analog to those used to solve the full set of equa- 
tions (Step 3), but this is technically simpler since the previous identity describes only 
equations instead of r\. 

2.2.2 The relative modular splitting technique 

One way to obtain all toric matrices without having to solve the equation of modular 
splitting is to use the following technique (it was briefiy explained in one section of [5j). 
In order to use it, we need not only the adjacency matrices describing the graph of £k 
(this can be obtained in the simplified manner just explained above) but also all graph 
matrices Ga describing the self-fusion. We introduce a "relative modular invariant" m 
which is a matrix vq x tq such that EquiEq^^' — M, as well as a collection of "relative 
toric matrices" defined by the property axb = {wxy)aby since, in our cases, 0{E) is 
trivially an £ bimodule. Using self-fusion and bi-associativity {aa') x {hh') = a{a' xb)b' 
one obtains a system of equations that read GamG^^ = '^^{wox)abWxo- The discussion 
leading to a determination of the right hand side (the "relative" toric matrices Wxo) is 
similar to the general one (Step 3), but it is technically simpler because these w's are only 
of size X ve- Once they are obtained, one can recover the usual toric matrices from 
the equality Wxo = EqWxo- 

2.2.3 About fundamental representations 

Fundamental representations of finite dimensional Lie groups are "algebraic generators" 
in the sense that all other simple objects of the algebra of representation are factors of 
tensor products of these distinguished objects (they appear on the right hand side when 
we tensor multiply fundamental representations and decompose the result into irreducible 
ones), however the set of these distinguished generators is not a system of generators 
for the algebra, one needs to add - infinitely many - others. However, at a fixed level 
k, the category Ak{G) contains a finite number of simple objects and they all can be 
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written polynomially in terms of the (integrable) fundamental ones thank's to the fusion 
polynomials already mentioned; it may even happen (this depends upon the choice of G 
and k) that one can obtain a system of generators smaller than the one provided by the 
fundamental representations existing at the chosen level. In the case of 0{E) and £k^ 
when the later enjoys self-fusion (which is the case in this paper), the situation is more 
subtle, in particular when their graphs possess classical symmetries, because it may not 
be possible to express all simple objects in terms of those called "fundamental" : one need 
to add a few others in order to build a system of generators for the studied algebra(s). 

2.2.4 About the calculation of \£k\ from the modular invariant 

It is convenient to think oi Ak{G)/£k as a homogenous space, both discrete and quantum. 
Remember that, classically, the dimension of the space of vector valued functions defined 
on the quotient of a finite group A by a subgroup E, and valued in a vector space a, can 
be calculated either trivially as dim(a) x or non trivially, when a is a representation 

space for by decomposing this space of functions into a sum of irreducible represen- 
tations of A; this applies in particular to the case where a is the trivial representation 
of E, so that we obtain a decomposition of the space (actually the algebra) of complex 
valued functions over A/E. Here, vertices of the graph f ^ do not only label irreducible 
objects a oi £ but also spaces Ta of sections of quantum vector bundles which can be 
decomposed, using induction, into irreducible objects of Ak- Define Ta = X^ntr where 
the sum runs over those simple objects n of Ak that appear in the column a of the inter- 
twiner matrix Eq. Its dimension \Ta\ can be calculated as the sum of quantum dimensions 
Sntr„ <ldim{n) but also as: qdim{a) x \Ak/£k\- When a = 0, we get J" = Fg = X^n-fro 
and its dimension reads = X^n-fro Qdim{n) ~ \Ak/£k\ = \-^k\/\£k\: and T plays the 
role of an algebra of functions over a non commutative space. Using the fact that, in our 
cases, the decomposition of J- into simple objects can also be read from the first modular 
block of the partition function, we obtain directly £k from Ak and from the first block 
of the modular invariant. At a later stage we calculate the quantum dimensions for all 
simple objects of a of £k, so that the equality \£k\ — ^a^(ldi'm{a)Y' provides a nice check 
of the calculations. 

Intersection of the chiral subalgebras of 0{E) defines the (commutative) ambichiral 
subalgebra J. Sinc^^the quantum subgroup £k is obtained from the (left for instance) 
identity component of 0{E), ambichiral vertices of the later define a particular subset 
J of vertices of the former, that we call "modular", which is also a subalgebra of £k. 
The simple objects of Ak labelling non-zero diagonal entries of the modular invariant 
matrix M define the family (possible multiplicity) £xp of generalized exponents of £k, 
and J introduces a partition of this family, since if n is an exponent, then n'f Ta for some 
modular vertex a of £k- 

From unitarity properties of S one proves the generalized ADE trigonometrical iden- 
tity Xm n Qdim{m) Zm,n qdim{n) — X„ qdim{n)^ = \Ak \ which, incidentally, can be used 
to provide a check of the correctness of the modular invariant Z. If the later is of type 
/, it is a sum of modular blocks indexed by J, so \Ak\ = Xaej l^aP- Using the value of 
|Fa| obtained by induction, one finds \Ak\ = EaeJ '?^«™(a)^l-4feP/l'^fcP = 1^1 lAlVl'^feP 
that simplifies to give \Ak\ = \£k\ \£k\/\'J\- The conclusion is that \J'\ — \J\, the sum 
of squares of quantum dimensions of J, or "ambichiral quantum dimension" , is equal to 
|ffcp/|^fe| and can therefore be obtained without having to calculate independently the 
quantum dimensions of the simple objects belonging to J. This is not only a double check 
but a triple check since this value could also have been calculated, at the very beginning, 
from the conformal embedding G C i^T as the quantum dimension of K at level 1 (a sum 
of squares for another root of unity). This family of non trivial identities that can be 

'We repeat that we only deal here with cases obtained from conformal embeddings (type / and self-fusion) 
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verified in each case and provide a powerful check of the calculations. On general grounds 
one also proves that |A(G)| ^\0{E)\. 



2.2.5 The Kac-Peterson formulae for S and T 




(.9 + ky/^ 



9 + k Tmn = e L 2(g + fc) 2g J 



where g is the dual Coxeter number, k is the level, w runs over the Weyl group of G, 

is its signature, r is the rank of G, g is the Weyl vector, is the number of positive 

roots (also equal to the sum of exponents, or to rj/2 where 7 is the Coxeter number), 

and A is the determinant of the fundamental quadratic form. With these definitions one 

has {STy = = C, the "charge matrix" satisfying = 1. It may be the right place to 

remember that T is related as follows to other group theoretical quantities: The eigenvalue 

of the quadratic Casimir for a representation A is G(A) = (A, A + 2g) , the classical Dynkin 

index is dim{X) C{X) /2d, where d is dim{G), and, at level k, the conformal weight of A 

i^^/i(A) ~ C{X)/2{k + g). Some authors (like [5] ) prefer to use another t-matrix that 

differs from the one introduced previously by a modular phase: t — Tea;p(2i7rc/24) where 

c is the central charge c = . 

For the convenience of the reader; we give the Verlinde formula expressing fusion 

s s s* 

matrices in terms of the modular generator S : {Nm)np = J2q ""'5"'' '"' 

3 Quantum subgroups of B2 

3.1 General properties of B2 (or C2) 

B2 = Lie{Spin{5)) has rank r = 2, dual Coxeter number g — 3, Coxeter number 7 = 4, 
dimension d — r(7 + 1) = 10, adjacency matrix (Dynkin) G = {{0, 2}, {1, 0}} (it is 
not simply laced), Cartan matrix A~2*l — G — {{2, — 2}, {— 1, 2}}, quadratic form 
matrix Q = {{1, 1/2}, {1/2, 1/2}} = A-i.{{l, 0}, {0, 1/2}}, highest loofyo = {0,2}, 
Weyl vector g = {1,1}, exponents (ei = 1,62 = 3), Casimir degrees (ei + 1 = 2, £2 + 1 = 4), 
Weyl group order (ei + l)(2, £2 + 1) — 8 — 2"^ 21, number of positive roots S+ = 4, A = 1/4. 
The central charge of B2 at level fc is c = = The level {X,6) of an irreducible 

representation with highest weight {Ai,A2} is Ai + A2 and its (classical or quantum) 
dimension is given by the classical or quantum version of the Weyl formula and reads 



dim[{Ai, A2}] — 



(^1 + + 5),(Ai + ^ + i)^(Ai+A2 + 2)^ 

G),i.(i),2, 



where (x)g — '^q^q-i and {x)q = x if q = 1. At level k, one takes q = explin/K) with 
K — k + g = k + 3. The fundamental representations are the vectorial, with highest weight 

(f) 3, 

{1,0}, classical dimension 5, quantum dimension — rt\~j ^iid the spinorial (basic), with 
highest weight {1,0}, classical dimension 4, quantum dimension 



la3o 



Properties of G2 are obtained by exchanging the Dynkin labels Ai and A2 of B2. 

^^The coefficient 2 stands for (A, A), the usual convention for long roots. 
^^All components are written in the base of fundamental weights (Dynkin). 
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Figure 1: The fusion graph of Ai{B2)). 



3.2 B2 at level 1 

Both fundamental representations of B2 already appear at level 1. The category Ai — 
^1(52) has three simple objects (r^ = 3) corresponding to the trivial, spinorial (basic) 
and vectorial representations, that we order as ({0, 0}, {0, 1}, {f , 0}). Their quantum 
dimensions are respectively (f , \/2, 2) so that |^i| = 4. The conformal weights modulo f 
are (0, 5/16, 1/2) and the central charge is c = 5/2. 
Modular generators : 



5/^00 = I \/2 -V2 I , T - I 

e~5r 



1 


^/2 


1 









1 


-\/2 


1 




with % = 1/^^=1/2. 

The graph |l] describes the fundamental fusion matrices -/V{o,i} and A^{i_o}- Here and 
below, labels 1,2,3... of vertices refer to the order already defined on the set of simple 
objects, multiplication by the generator 01, labelled 2, the spinorial, is encoded by unori- 
ented blue edges, multiplication by 10, labelled 3, the vectorial, is encoded by unoriented 
brown edges. Notice that N^Q ij corresponding to the spinorial, is connected, whereas 
■^{1,0} corresponding to the vectorial, has two components. Also, the first does not con- 
tains self-loops (tadpoles), the second does. These features are generic (i.e., for all values 
of the level k). These Cayley graphs describe multiplication by the two generators. There 
is an intertwiner from {0, 1} <Sin to m (resp. from {1, 0} n) if and only if we have a blue 
(resp. brown) edge from n to m. Edges are not oriented because conjugation is trivial. 
The blocks of the associated quantum groupoid are of size dn ~ (3, 4, 3) and its dimension 
is di? = 34 = 2i I71. 



3.3 B2 at level 2 and its exceptional quantum subgroup £2 
B2 at level 2 

The category A2 = A2{B2) has six simple objects (r^ = 6). The following table gives the 
chosen ordering for the highest weights, the quantum dimensions, the conformal weights 
modulo 1, and the size of blocks for the associated quantum groupoid. 

{0,0} {0,1} {1,0} {0,2} {1,1} {2,0} 



1 


V5 


2 


2 


V~5 

3 
4 


1 





1 
4 


2 

5 


3 
5 





6 


12 


11 


11 


12 


6 
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Figure 2: The fusion graph of ^2(-B2)). 



The central charge is c = 4, the bialgebra dimension is = 602 = 2^ 7^ 43"'^, and 
\A2\ = 20. The modular generators, with 6*00 — l/\/\Ai\ = are as follows : 



/I VE 



S/ So 



2 
2 

-v/5 



2 2 1 

-V5 -V5 

-1 + ^ -1 - ^ 2 

-1 - V5 -1 + 2 

V5 



T = 



V ^1 



-V5 1 



The graph [2] describes the fundamental fusion matrices iV{o,i} and iV{i q}- 



The exceptional quantum subgroup £2 = ^2 

We shall provide more details here than for the cases relative to higher levels, studied 
later, thank's to the fact that most results for fc = 2 are small enough to be displayed in 
printed form. Also, we shall discover, at the end of the section, that this case could have 
been defined directly as an orbifold of B2 at level 2, so that this exceptional example can 
also be considered as the smallest member I?2 of a 2? family with self-fusion, like the D4 
for SU{2) (an orbifold of A5 = A4iSUi2)), the V3{SU{3)) or the V2{SU{A)). 

We use the embedding B2 C A4 (with Dynkin index k — 2), which is conformal when 
the level of B2 — Spin{5) is k = 2 and the level of A4 ~ SU{5) is 1 (same conformal 
charges c). The integrable representations of A4 = Lie{SU (5)) at level 1 are the trivial 
representation and the four fundamental representations of SU{5). A priori the type I 
partition function obtained by reduction will have five modular blocks. The above five 
simple objects of A4 have all a (quantum) dimension equal to 1 (using q — exp{iTT / (5 + 1) 
for Ai{A4y), so that summing their square gives the ambichiral dimension |J| = 5. Their 
conformal weights are 0, 2/5, 3/5, 3/5, 2/5. Comparing them with those obtained (modulo 
1) for B2 at level 2 (i.e., using q = exp{iiT / {2>+2)) gives a necessary condition for branching 
rules. One obtains in this way one exceptional B2 partition function (quadratic forrrp]): 

Z = ({0, 0} + {2, Q} f + 2{0, 2}2 + 2{1, 0}^ 

One verifies that the modular invariant matrix M defined by Z = ^ ra Mmn n indeed 
commutes with S and T. The simple objects appearing in the first modular block of Z 
define a Frobenius algebra J" = {0, 0} ® {2, 0}, with = 1^^2(52) 1/1^2 1 = qdim{{Q,0}) + 
qdim{{2,Q}) = 1 + 1 = 2. Since \A2\ = 20, we find \E2\ = 10. The general relation 
|-4fc(G')| = (l^fcD^/l'^l leads again to the result |J| — 5. The number of simple objects 

To alleviate notations we denote characters by the corresponding classical highest weight. 



11 



for \A2 is rA ~ 6. From the modular invariant matrix we read the generahzed exponents 
{{0, 0}, {2, 0}; {0, 2)2; {1, 0)2} and obtain = 6 (number of simple objects a of the 
quantum subgroup), tq — 12 (number of quantum symmetries x), ryy = 6 (number 
of independent toric matrices Wx)- Notice in this special case the unusual coincidence 
fE = fA, in particular the intertwiner Eq is here a square matrix. 

Resolution of the modular splitting equation, leading to a list of toric matrices 
parametrized by simple objects x of 0{E) represents, as usual, the most involved part 
of the calculation. There are 5 possible norms associated with matrices ICmn- Three 
toric matrices are discovered while analyzing norm 1 (among therrFjWi = M), then two 
others in norm 2 (but each of them should appears twice in the list) and a last one in 
norm 5 (but it appears five times in the list). So we indeed recover r^y = 6 and rp = 12. 
These matrices, given below, define twisted partition functions (only the first is modular 
invariant) = J2m,n {Wx)mn n : 



Wi 



1 



































2 
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1 



















1 / 



,W2 ^ 
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1 
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1 






, Wy = W2 
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Generators for the quantum symmetries 0{E) are then obtained from the toric ma- 
trices by solving the set of intertwining equations stemming from the general modular 



splitting equation (see our general discussion). To ease the reading of the figures 3(a) 
|3(b)[ we display separately the graphs associated with {0, 1} (the two chiral generators 
Voifio (left blue: plain lines) and Vbo,oi (right blue: dashed hues)), and those associated 
with {1,0} (the two chiral generators Vio,oo (left brown: plain lines) and Voo.io (right 
brown: dashed lines)). 

Fundamental annular matrices Fqi and Fiq are then obtained by selecting the compo- 
nent of the identity (for instance from the left graph) in the graph of quantum symmetries. 
They are adjacency matrices for the fusion graphs of £2, given on figure [4] 

The other annular matrices (there is one Fn for every vertex n of the graph .42 (B2), 
so 6 in our case) can be obtained from the fundamental ones by using fusion polynomials 
(obtained from the fusion matrices A'oi and iVio). Using the ordering adopted for B2 at 
level 2, i.e., /i = Fq^ = 1, /2 = Foi,/3 = ^"10, A = Fo2,.f5 = ^ia,/6 = ^20, one finds 
/4 = -/i + /2-/2 - /a; /s = -/2 + /2-/3; /e = -/a - /4 + /2-/5 which are polynomials in 
two variables /2 , /a . 

From the list of F^s we obtain the essential matrices Ea and in particular the in- 
tertwiner Eq, a rectangular matrix that happens to be square in this special case since 

The numbers d„ of admissible triangles of type A,£,£ (horizontal dimensions) are 
read from the En's, the blocks of the associated quantum groupoi'd are therefore of size 
dn = (6, 10, 12, 12, 10,6) and its dimension (total number of diffusion graphs) is the sum 
of their squares: = 560 = 2'^ 5^ 7^. 

We know a priori that this quantum module is also a quantum subgroup (self- fusion) : 
one can associate graph matrices Ga with all vertices of the fusion graph £2, so again 6 
in our case. The vertex denoted 1 is the unit (i.e., Gi = 1). From the fusion graph we 
read Fqi = G2, associated with the basic representation, but Eiq = G3 + G4. Notice that 
in this particular example, one of the fundamental annular matrices (namely -Fio) cannot 
be identified with any of the Gq's. The matrices Ga are obtained by solving the whole 



Warning: The indices of Wx are shifted by 1 and chosen to be compatible with figures 3(a) 3(b) 
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(a) The left and right generators {0, 1} (b) The left and right generators {1,0} 
Figure 3: Quantum symmetries of £2(1^2) 



Figure 4: The fusion graph of £2(1^2) 



Fqi — 



/ . 1 . . . . \ 
1.1111 

. 1 . . . . 

. 1 . . . . 

. 1 . . . . 

V . 1 . . . . / 



^"10 — 



/ . . 1 1 . . \ 

. 2 . . . . 

1 .... 1 

1 ... 1 . 

. . .1.1 

V . . 1 . 1 . / 



En = 



( 1 



V 1 



1 1 



1 1 



Figure 5: Annular matrices and intertwiner for £2(32) ■ 
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set of equations stemming from the fusion graphs: F01.G2 = Gi + G3 + G4 + G5 + Gg, 
Foi-Ga = Ga, for a ^ 2, F10.G2 — 2G2, F10.G4 — Gi + G5, etc. After imposing non 
negativity of the coefficients and compatibiUty equations Ea = Eq.Gu, we find, up to 
symmetries, only one solution, that we do not present explicitly here (see details in |27j). 
but it should be noticed that the obtained algebra is non commutative. Diagonalizing 
the non commutative *-algebra 0{£) gives a direct sum of four blocks isomorphic with 
C and two blocks isomorphic with il/(2,C), in agreement with the expression of Z. The 
dual annular matrices encoding the action of 0{£) on £ can be expressed in terms 
of the Go's, and the vertical dimensions (admissible triangles of type 0,£,£)aie — 
{6,10,6,6,6,6,10,6,6,6,6,6}; one recovers ds — dn-dn — dx-dx = 560 (duality) as it 
should. 

The quantum dimensions of the simple objects of £2 are calculated from the normalized 
eigenvector of Foi = G2, associated with the basi(p°] representation {0, 1}, for the Perron- 
Frobenius eigenvalue (\/5, as it should). One finds (1, -v/S, 1, 1, 1, 1)- They can also be 
obtained from the intertwiner Eq by adding the dimensions (not their square) of the 
representations of B2 corresponding to the entries appearing in each column and dividing 
the result by = 1-42/521 = 2. By summing squares of the quantum dimensions, one 
recovers \£2\ = 10, a value that we had obtained at the very beginning. The modular 
vertices are {1, 3, 4, 5, 6}. By adding the squares of their quantum dimensions we recover 
the ambichiral dimension |J| = 5 already obtained in two ways at the very beginning, 
from the embedding into 5?7(4) and from the general relation |^fc(G)| — (|£fe|)^/| J|. 

The reader familiar with the structure of the smallest quantum subgroups of type 
T) (with self-fusion) for the families SU{2), SU{3) or SU{4:) will have recognized here 
a direct generalization of what happens in those cases, that can also be obtained from 
"small" conformal embeddings or via an orbifold procedure. Now that we have discovered 
what the fusion graph of £2(32) is, we may look at the table given for B2, level 2, and at 
its fusion graph (figure [2]); it is then clear that we can indeed obtain the graph(s) of £2 
as an orbifold of the later : fold the graph(s) [2] along the vertical line 3-4, identify 1 and 
6, 2 and 5 and blow up (duplicate) the two fixed points 3 and 4. 

3.4 B2 at level 3 and its exceptional quantum subgroup S3 
B2 at level 3 

The category A3 — ^13(52) has ten simple objects (r^ = 10). The following table gives the 
chosen ordering for the highest weights, the quantum dimensions, the conformal weights 
modulo 1, and the size of blocks for the associated quantum groupoi'd. 

{0,0} {0,1} {1,0} {0,2} {1,1} {2,0} {0,3} {1,2} {2,1} {3,0} 
1 l + \/3 l + VS 2 + 3-I-V3 l + VS l + \/3 2 + V3 I + 1 

"24 3 2 8 6 8 "24 2 

10 24 24 32 40 24 24 32 24 10 

The central charge is c = 5, the bialgebra dimension is dig = 6728 = 2'^29^, and 
1^3 1 = 24(2-)- V3). 

The modular generators, with Sqo = 1/ -v/IAlI = (3 — \/3) , are as follows (we give 
S/Sqo and T): 

^"Using {1,0} instead gives a largest eigenvalue 2, compatible with Fio — G3 + G4, but the associated 
eigenspace has dimension 2. 



14 



Figure 6: The fusion graph of ^3 (-62))- 
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The graph [6] describes the fundamental fusion matrices -/V^g ij and iV{i q}- 
The exceptional quantum subgroup 

We use the embedding Bi C I?5 (with Dynkin index fc = 3), which is conformal when 
the level of — Spin{5) is fc = 3 and the level of ~ Spin{10) is f (same conformal 
charges c). This is the adjoint embedding : dim{Spin{b)) — 10 and the level k coincides 
with the dual Coxeter number of i?2- 

The integrable representations of -D5 = Lie{Spin{lQ)) at level 1 are the trivial rep- 
resentation, the two spinorial and the vectorial. A priori the type / partition function 
obtained by reduction will have four modular blocks. The above four simple objects of 

have a (quantum) dimension equal to 1 (using q = ea;p(i7r/(8 + 1) for ^i(D5)), so that 
summing their square gives the ambichiral dimension | J| =4. Their conformal weights are 
0,5/8,5/8,1/2. Comparing them with those obtained (modulo 1) for B2 at level 3 (i.e., 
using q = explii: / (3 + 3)) gives a necessary condition for branching rules. One obtains in 
this way one exceptional B2 partition function (quadratic form): 

Z = ({0, 0} + {1, 2}f + 2{1, 1}2 + ({0, 2} + {3, 0}f 

One verifies that the modular invariant matrix M defined by Z ^ ^ m M„^n n indeed 
commutes with S and T. 

The simple objects appearing in the first modular block of Z define a Frobenius al- 
gebra F = {0,0} ® {1,2}, with \F\ = \Az{B2)\/\£s\ = grfim({0,0}) + qdim{{\,2}) = 
3 + Vs. Since |^3| = 24(2 + \/3), we find \£-i\ = 4(3-f a/S). The general relation 
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|^fe(G)| = (|£fe|)^/| J| leads again to the result | J| — 4. The number of simple objects for 
-43(-B2) is ta = 10. From the modular invariant matrix we read the generalized exponents 
{{0, 0}, {1, 2}; {1, 1)2; {0, 2}, {3, 0}} and obtain te = Q (number of simple objects a of the 
quantum subgroup), tq = 12 (number of quantum symmetries x), rw = 9 (number of 
independent toric matrices Wx)- 

Resolution of the modular splitting equation, leads to the list of toric matrices Wx- 
There are 7 possible norms associated with matrices /Cmn ■ Six toric matrices are discovered 
while analyzing norm 1, then two others in norm 2 (but each of them appears twice) and a 
last one in norm 3 (but it appears twice). So we recover rw — 6 and tq = 6 + 2x2+2x1 = 
12. The nine independent W^^s are given below (the first is the modular invariant). 



1 / V 



/ V 



1 1 
1 1 



V 1 



1 \ 



1 1 
1 1 



1 . 1 

1 
1 

1 

1.1. 
1 . 1 



1 



1 



11.1.1. 

1 . . 1 . 1 . 1 

1 . . 1 . 1 . 1 

11.1.1. 

1 . . 1 . 1 . 1 

11.1.1. 

1 . . 1 . 1 . 1 

11.1.1. 



V ■ 



Generators for the quantum symmetries 0{E) are given on figures |7(a)[ |7(b)[ We 
use the same notations as those defined in the £2(52) section. Blue lines (representation 
{0, 1}): the unit 1 moves to the vertex 3 (resp. 9) when multiplied by the left (resp. right) 
chiral generator. Brown lines (representation {1,0}): the unit 1 moves to the vertex 4 
(resp. 10) when multiplied by the left (resp. right) chiral generator. 

It is clear from the graph of quantum symmetries that it allows us to define both 
a quantum subgroup (vertices from 1 to 6) and a quantum module (vertices from 7 to 
12) whose structure is totally different. Both are exceptional modules, but only the first 
enjoys self-fusion. 

Fundamental annular matrices Fqi and Fiq for the quantum subgroup are obtained 
by selecting the component of the identity (first six vertices, for instance from the left 
graph). They are adjacency matrices for the fusion graphs of £3, given on figure [8(a)] 
In the same way we obtain annular matr ices i^oi*^ i^io*^ for the quantum module 



£3^; its fusion graph is given on figure |8(b)[ Warning: vertex labels 1 — 6 are back-shifted 
on |8(b)[ they correspond to vertices 7 — 12 of fig. [7j 

The other annular matrices Fn and F^J^^ , for the quantum subgroup and its module 
are obtained from the fundamental ones by using fusion polynomials (themselves obtained 
from the fusion matrices A'oi and iVio). Using the ordering adopted for B2 at level 3, one 
finds: h = 1, /2, /3, /I - /3 - 1, hh - /2, -/I + /I + /3, /I - 2/3/2 - /2, /3/I - /I - /I - 
/a + 1 , - /I + /I /2 + /2 , /I + 2/1 - 2/1 /s + /I - 1 . We shall not exhibit these two collections 
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(a) The left and right generators {0, 1} (b) The left and right generators {1,0} 

Figure 7: Quantum symmetries of £^{B2) 
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Figure 9: Intertwiners for £s{B2) and £3 {B2) . 



of 10 matrices 6x6, but only the two intertwiners Ef) and Eq^ , which are rectangular 
10x6 and describe induction rules (see Fig. [9| . The numbers dn (horizontal dimensions) 
read from the F^s are dn = (6,12,12,18,24,12,12,18,12,6) and the dimension of the 
associated quantum groupoi'd is : = dn-dn = 2016 = 2^ 3^ 7^. For the module, we 
get = (6, 16, 16, 22, 28, 16, 16, 22, 16, 6) and d^^ = 3104 = 2^ 97\ Graph matrices Ga 
describing self- fusion and other details will appear elsewhere [27] , 

The quantum dimensions of the simple objects of £^ are calculated from the normalized 
eigenvector of Fqi associated with the basic representation {0, 1}, for the Perron-Frobenius 
eigenvalue (1 + \/3, as it should) or from the intertwiner Eq by adding the dimensions 
(not their square) of the representations of B2 corresponding to the entries appearing 
in each column and dividing the result by — |.43/£3| = 3 + V3. One finds 1, 1, 1 + 
-s/S, 1 + -v/S, 1,1. By summing squares of these quantum dimensions, one recovers the 
global dimension already obtained at the very beginning jfaj = 4(3 + -v/S). The modular 
vertices are {1,2,5,6}. By adding the squares of their quantum dimensions we recover 
the ambichiral dimension |J| = 4 already obtained in two ways at the very beginning, 
from the embedding into Spin{10) and from the general relation |^/i;(G)| — (j^fcl)^/! J|. 
A similar analysis can be done for the exceptional module £3^. 

3.5 B2 at level 7 and its exceptional quantum subgroup 
B2 at level 7 

The category A7 — A7{B2) has 36 simple objects {ta — 36) and it is unreasonable]^ to 
print lists giving quantum dimensions and conformal weights for all of them, or to give 
explicitly the matrices S and T . For the fundamental objects one finds qdini{{0^ 1}) — 



\ ( 1 + ^/5+72(5+75) ), qdiTO({l,0}) = 1 + ^5 + 2^5, the central charge is 



c 



the bialgebra dimension d^ ^ 7004440 = 2^ 5^ 41 ^ 4271 \ and Sqo = 1/ VlAI- with 



I^^tI = 80 f 30 + 13\/5 + 2^5 (85 + 38^5) 



The graph 10 describes the fundamental fusion matrices N^Q iy and -A^{i,o}- It clearly 
generalizes those obtained in the previous cases. Notice that the picture provides an 
intuitive notion for the notion of level (the ordering chosen for vertices should be clear). 



Some tables are given in ^ 
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Figure 10: The fusion graph of ^7(i?2))- 



The exceptional quantum subgroup E-j 

To keep the size of this paper reasonable, we shall not give many explicit results in this 
section but only those that somehow summarize them (same thing in the section devoted 
to a quantum subgroup of B2 at level 12). The comments about techniques are also rather 
sketchy since they have been already given in previous sections. 

We use the embedding B2 C -D7 (with Dynkin index k — 7), which is conformal 
when the level of B2 — Spin{h) is fc = 7 and the level of D-j ~ Spin{\A) is 1 (same 
conformal charges c). The integrable representations of = Lie{Spin{lQi)) at level 1 
are the trivial representation, the two spinorial and the vectorial. A priori the type / 
partition function obtained by reduction will have four modular blocks. These simple 
objects of -D7 have a (quantum) dimension equal to 1 (using q = exp{iTr / {12 + 1) for 
^1(1)7)), so that the ambichiral dimension will be | J| — 4. Their conformal weights are 
0,7/8,7/8,1/2. Comparing them with those obtained (modulo 1) for B2 at level 7 (i.e., 
using q = exp{i'K / {i + 7)) gives a necessary condition for branching rules. One obtains in 
this way one exceptional B2 partition function (quadratic form): 

Z= ({0,0} + {l,6} + {2,2} + {5,0})2 + 2({l,3} + {3,3})2 + ({0,6} + {2,0} + {3,2} + {7,0})2 

One verifies that the modular invariant matrix M defined hy Z — ^ m Mmn n indeed 
commutes with S and T . 

The simple objects appearing in the first modular block of Z define a Frobenius al- 
gebra F = {0, 0} ® {1, 6} ® {2, 2} ® {5, 0}, with | J-| = \A7{B2)\/\£7\ = qdim{{0, 0}) + 
qdim{{l, 6} + qdim{{2, 2} + qdim{{5, 0}) = 5 (3 + \/5) + ^250 + 110^5. Since lAy] = 

80 1^30 + 13^5 + 2^5 (85 + 38v^)^ , we find \£7\ = 4 (5 (3 + \/5) + ^250 + llO^/s) . 

The general relation |^/j(G)| — {\£k\)'^/\J\ leads again to | J| = 4. The number of simple 
objects for Aj{B2) is = 36. From the modular invariant matrix we read the generalized 
exponents and obtain ve ~ 12 (number of simple objects a of the quantum subgroup), 
ro = 48 (number of quantum symmetries x), rw = 36 (number of independent toric 
matrices Wx)- 

Resolution of the modular splitting equation, leads to the list of toric matrices Wx- 
There are 44 possible norms associated with matrices /Cm„. 16 independent toric matrices 
are discovered while analyzing norm 1, then 12 others in norm 2 (among them, four appear 
twice), then 6 in norm 3 (all they appear twice), and 1 in norm 4 (and it appears twice). 
No information is obtained from analyzing norms 5, 6, 7; the last toric matrix of the list 
appears in norm 8 (and it appears twice). At this point we indeed obtain the expected 



19 



rw = 36 independent members of the list and reach the total tq = 16 + (8 + 2 x 4) + 2 x 
6 + 2x l + 2x 1 = 48. The first is, as expected, the modular invariant. These 48 matrices 
of size 36 x 36 are needed to determine the quantum symmetries (next paragraph), but, 
of course, we shall not give them here. 

Generators for the quantum symmetries 0{£) are then obtained. The full graph 
incorporating both left and right generators, for each of the fundamental objects {0, 1} 
and {1, 0}, is nice... but unfortunately a bit clumsy if not properly scaled. It is enough to 
say that it contains two copies (2 x 12 vertices) of a quantum subgroup, and two copies 
(2 X 12 vertices) of a quantum module. Both are therefore discovered in this way and will 
be described below. Fundamental annular matrices for the quantum subgroup and for 
its module are then obtained as usual, as diagonal sub-blocks of the quantum symmetry 
generators V{o,i},{o,o} and V{i,o},{o,o}- 

The fusion graphs of the quantum subg roup £ 7, are given on figure 11(a) and those 



describing its module £"7 appear on figure 11(b) Vertex labels of the later, taken from 
the graph 0{£), are here back-shifted by 2 x 12. As usual the blue color corresponds 
to {0, 1} and the brown to {1,0}. E'j enjoys self-fusion (its unit is in position "1") and 
the four modular points of £t, corresponding to the four ambichiral points obtained as 
intersection of chiral parts of the graph of quantum symmetries, are located in positions 
{1,2,11,12}. 




Figure 11: Fusion graphs for the quantum subgroup £-j{B2) and its module £j {B2) 



The other annular matrices (both for the quantum subgroup and its module) are 
obtained from the fundamental ones by using fusion polynomials. We only list below the 
horizontal dimensions d„ 

12, 32, 36, 60, 92, 72, 96, 160, 160, 96, 124, 212, 232, 184, 96, 128, 220, 256, 
232, 160, 72, 108, 184, 220, 212, 160, 92, 36, 64, 108, 128, 124, 96, 60, 32, 12, 
and the dimension of the quantum groupoi'd dig — (i„.d„ = 697216 = 2^ 13^ 419^^ associ- 
ated with £t{B2). 

The intertwiners (for £-j and £7^^) are rectangular matrices of dimension 36 x 12, a 
bit large to be displayed, but we can condense the information by listing only its non-zero 
entries (inductiorr^ tables) . We list Eq associated with £7 : 

{0, 0}, {1, 6}, {2, 2}7Ti, 0} ^ 
{0, 6}, {2,0}, {3,2}, {7, 0} 

{0,1}, {0,7}, {1,3}, {1,5}, {2,1}, {2, 3}, {2, 5}, {3,1}, {4,1}, {5,1} 
{0,5}, {0,7}, {1,1}, {1,5}, {2,1}, {2, 3}, {3,1}, {3, 3}, {4,1}, {6,1} 
{0,6}, {1,0}, {1,2}, {1,4}, {1,6}, {2, 2}, {2, 4}, {3,0}, {3, 2}, {4,0}, {4, 2}, {6,0} 

{0, 2}, {0,4}, {0,6}, {1, 2}, 2{1, 4}, {1, 6}, {2,0}, 2{2, 2}, 2{2,4}, {3,0},2{3, 2}, {3,4}, {4, 0}, {4, 2}, {5,0}, {5,2} 

{0, 3}, {0, 5}, {1, 1}, 2{1, 3}, 2{1, 5}, {2, 1}, 2{2, 3}, {2, 5}, 2{3, 1}, 2{3, 3}, {4, 1}, {4, 3}, {5, 1} 

{0, 3}, {0, 5}, {1, 3}, {2, 1}, 2{2, 3}, {2, 5}, {3, 3}, {4, 1}, {4, 3} 

{0, 4}, {1, 2}, {1, 4}, {2, 2}, {2, 4}, {3, 2}, {3, 4}, {4, 2} 

{0,4}, {1, 2}, {1,4}, {2, 2}, {2,4}, {3, 2}, {3,4}, {4, 2} 

{1,3}, {3, 3} 

{1,3}, {3, 3} 



Entries in positions 1, 2, 11, 12 coincide with the modular blocks of Z 
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Figure 12: The fusion graph of Ai2{B2)). 



The quantum dimensions of the simple objects of can be calculated, as before, in 
several ways. When ordered as above (with labels a from 1 to 12), one finds a symmetry 
qdim[a + 1] = qdim[12 — a] so that it is enough to list the first six dimensions: 

|l, 1, 5 (l + V5+ ^2 (5 + ys)^ ^2 (5 + \/5)^ , 1 + VS + 2^5, 2 + Vs + s/s + 2^5 1 

The global dimension already obtained directly at the beginning can be recovered 
by summing their squares. As a check, by taking only squares of dimensions relative to 
modular vertices, we can recalculate in a third way the ambichiral dimension | J| =4. 



3.6 B2 at level 12 and its exceptional quantum subgroup £12 
B2 at level 12 

The category A12 — Ai2{B2) has 91 simple objects (r^ = 91) and, like before, it is 
unreasonable to print lists giving quantum dimensions, conformal weights or the blocks 



for the associated quantum groupoi'd (see nevertheless footnote 21 1. This is even more 
so for a matrix like S, which is of dimension va x va and which is not sparse!. The 
calculation can nevertheless be done, not only for S and T, but for all fusion matri- 
ces. The fundamental objects have dimensions qdim{{0, 1}) — 

dim{{l,Q}) ~ 1 (5 + 3\/5+ (5 + \/5) j , the central charge is c = 8, the bialgebra 



dimension ds = 1918226582 = 2^ 10067^ 95273\ and 

\Ai2\ = 450 (262 + 117^5 + V 136995 + 6126675] 



The graph 12 describes the fundamental fusion matrices ^{0,1} and N^i ^y. We did not 
print the labels for vertices since the pattern should by now be obvious. 



The exceptional quantum subgroup £12 

We use the embedding B2 C Eg,, with Dynkin index k — 12, which is conformal when 
the level of B2 — Spin{5) is fc = 12 and the level of Eg is 1 (same conformal charges c). 
The only integrable representation of Eg at level 1 is trivial. A priori the type / partition 
function obtained by reduction will have only one block. The trivial representation of Eg 
has a (quantum) dimension equal to 1 (note that q — exp{iTr / (30 + 1) for Ai^Eg)), so that 



21 



the ambichiral dimension is \J\ — 1, and has conformal weight 0. Comparing this value 
with those obtained (modulo 1) for B2 at level 12 (i.e., using q = exp{iTr/(3 + 12)) gives a 
necessary condition for branching rules. One obtains the exceptional partition function : 

Z = ({0, 0} + {0, 6} + {1, 8} + {3, 2} + {3, 8} + 2{4, 4} + {6, 6} + {7, 2} + {12, 0})^ 

Notice that one of the 9 terms has multiplicity 2. One verifies that M (a matrix of size 
91 X 91) defined by Z = ^ m Mmn n indeed commutes with S and T. 

The direct sum of the simple objects appearing in the first (and unique) modular 
block of Z define a Frobenius algebra and by summing their dimensions, one finds 

IJ"! = \Ai2{B2)\/\£i2\ = 15 ^12 + 5\/5 + ^3 (85 + 38\/5)^ . Since \Ai2\ was obtained 

in the previous subsection, we calculate immediately \£i2\ and find that in this very 
particular case — \£\ — \/\A\, something which was expected from the general relation 
|^fc(G)| = |ffcp/|J| since here |J| — 1. The number of simple objects for ^^12(52) 
is rA =91. From the modular invariant matrix we read the generalized exponents and 
obtain te = 12 (number of simple objects a of the quantum subgroup), tq — 144 (number 
of quantum symmetries x), and rw — 81 (number of independent toric matrices Wx). 

Resolution of the modular splitting equation, leads to the list of toric matrices W^,. 
There are 304 possible norms associated with matrices ICmn] many independent can 
be determined after analyzing the first few norms 1 ... 5 but one has to go up to norm 
15 to conclude, and the discussion is quite involved. After some efforts, one obtains 81 
independent matrices Wx of size 91 x 91, the difficulty, then, is actually to determine the 
multiplicities of each of them within the whole family of 144 elements. This can be done. 
Generators for the quantum symmetries 0{E) are then obtained as usual by solving 
intertwining equations. We checked that the obtained solution for the full algebra of 
quantum symmetries could be obtained by using directly the "reduced modular splitting 
technique" described in the general section. We also determined the fusion graph of 
1^12 , not only by restriction of the algebra of quantum symmetries (fundamental annular 
matrices, which are adjacency matrices for the fusion graphs of ^12, are obtained as 
diagonal sub-blocks of the quantum symmetry generators) but also by using the simpler 
chiral modular splitting technique. The full graph of quantum symmetries cannot be 
displayed, because of its size, but its general features are a priori clear, since we already 
know that the ambichiral algebra has only one element (the origin) : the full graph 
contains twelve copies (12 x 12 vertices) of the quantum subgroup £12 which is described 



on figure 13 with the same conventions as usual ( the blue color corresponds to {0, 1} and 
the brown to {1,0}). It enjoys self-fusion, of course, its unit is in position "1" , which is also 
the unique modular points corresponding to the unique ambichiral vertex ( intersection 
of chiral parts of the graph of quantum symmetries). 

The other annular matrices (both for the quantum subgroup and its module) are 
obtained from the fundamental ones by using fusion polynomials, a large table involv- 
ing powers up to 12 in /2 and /s. Using these matrices, we have calculated (but we 
shall not list) the horizontal 91 horizontal dimensions d„. The dimension of the asso- 
ciated quantum groupoi'd c?e = dn-dn = 51068 — 2^ 17^ 751^. The intertwiner Eq for 
£12 is a rectangular matrix of dimension 91 x 12, a bit large to be displayed; unfor- 
tunately we cannot even condense the information listing its non-zero entries (induc- 
tion)]^ The quantum dimensions of the simple objects of £12 can now be calculated, 
as before, in several ways. Their explicit expression as particular roots of fourth de- 
gree polynomials is not particularly enlightening, but the sum of their squares simpli- 
fies to give the global dimension \£i2\ = (^2 -I- -I- + an expression that 
looks formally different from the expression directly obtained at the very beginning, from 



Entries in column 1 arc known since they coincide with the (unique) modular blocks of Z. 
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Figure 13: Fusion graph for the quantum subgroup 8i2{B2) 



conformal embedding considerations. The two expressions are nevertheless equal since 



4 Quantum subgroups of G2 
4.1 General properties of G2 

G2 has rank r = 2, dual Coxeter number g = 4, Coxeter number 7 = 6, dimension 
d = r(7 + 1) = 14, adjacency matrix (Dynkin) G = {{0, 3}, {1, 0}} (it is not simply 
laced), Cartan matrix A — 2 * 1 — G = {{2, —3}, { — 1, 2}}, quadratic form matrix Q = 
{{2, 1}, {1,2/3}} ^"^{{1, 0}, {0, 1/3}}, highest root 9 ^ {1, 0}, Weyl vector g = {1, 1}, 
exponents (ei ~ l,e2 — 5), Casimir degrees (ei + 1 = 2, 62 + 1 = 6), Weyl group order 
(ei + 1)(2, 62 + 1) = 12 (a dihedral group), number of positive roots S+ = 6, A = 1/3. 
The central charge of B2 at level fc is c = = The level {X,6) of an irreducible 

representation with highest weight {Ai,A2} is 2Ai + A2 and its (classical or quantum) 
dimension is given by the classical or quantum version of the Weyl formula. It is 



where, as usual, {x)q — '^q^q-i s-nd {x)q — x ii q — 1. At level k one takes q = exp{i'K / n) 
with an altitude k — k + g = k + A. The fundamental representation^^ are of highest 

Warning: some people would write {A2, Ai} instead of {Ai, A2} and/or would shift indices by {1, 1} 




(Ai + 1), + I), (Ai + ^ + i), (Ai + ^ + (Ai + A2 + 2)^ (2Ai + A2 + 3)^ 
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Figure 14: The fusion graph of ^1(^2). 



(I) (I) 5? 

weight {1, 0}, classical dimension 14, quantum dimension — ,1-. ,\ , and of highest weight 

(I) (5) 4, 

{0, 1}, classical dimension 7, quantum dimension , i\''/4\'' — ■ 
4.2 G2 at level 1 

The category Ai = Ai{G2) has two simple objects (r^ — 2) corresponding to the trivial 
({0,0} and the basic representation of highest weight {0,1}, of classical dimension 7, 
and quantum dimension (j) = ^ (l + a/S) (the golden number). One finds |^i| = 1 + 
0^ = I (5 + \/5). The conformal weights modulo 1 are (0,2/5) and the central charge 
is c = 14/5. The two fundamental representations of G2 do not appear at level 1. The 



modular generators, with 5*00 = l/-\/|-4i| = y jq (.'^ ~ V^): are 



The graph 14 describes only the basic fusion matrix N^q i^ since the other fundamental 
representational, 0} appears only at level 2. The blocks of the associated quantum 
groupoi'd are therefore of size d„ = (2,3) so that the dimension of the later is — 13. 
Notice that such a tadpole graph would be forbidden as a graph describing a quantum 
module associated with SU{2) at level two (same altitude), but we are here discussing 
Ai{G2)- Here and below, labels 1,2,3,4,... of vertices refer to the ordeip^ that was 
chosen on the set of simple objects {0, 0}, {0, 1}, {0, 2}, {1, 0}, . . .. Multiplication by the 
generator {0,1}, labelled 2, is encoded by unoriented blue edges. Like for B2, edges 
are not oriented because conjugation is trivial. Multiplication by the fundamental {1,0} 
labelled 4 (warning: not 3) will be encoded by unoriented brown edges when studying 
cases fc > 1 (it does not exist when k — 1). The fusion graphs of Ak{G2) obtained for 
the first few levels are rather simple, and one may notice that, when k increases, the 
fusion graph associated with the basic representation {0, 1} grows in a predictable way: 
it is a truncated version of the corresponding classical Aoo{G2) fusion graph. This is not 
so for the other fundamental representation {1,0}. We shall see that in our cases it is 
anyway enough to know A^{o,i} only since A^{i,o} can be obtained from the other by a 
fusion polynomial. 

4.3 G2 at level 2 

The category A2 — A2{G2) has four simple objects (r^ = 4). The following table gives the 
chosen ordering for the highest weights, the quantum dimensions, the conformal weights 
modulo 1, and the size of blocks for the associated quantum groupoi'd. 



^The level dependent ordering is not trivial for G2 
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Figure 15: The fusion graph of ^2(^2). 



{0,0} 

Zl 





{0,1} {0,2} {1,0} 



Z2 
1 
3 

4 10 



Z3 
7 
9 
9 



Z4 
2 
3 

7 



where Zi are the largest (real) roots of the polynomials 1,1 — 3z^ + 
The central charge is c = 14/3, the bialgebra dimension is = 
1-^21 = 1-42 (6*2)1 is the largest (real) root of the polynomial —243 
The modular generators are as follows : 



03,3-3z2 



, -l-3z + z-^ 



246 = 
- 162z 



2^3^ 41\ and 
-27z2 + z3. 



S 



T = 



'(ra) ;75 



diag 



•/3 




%/3 




Notice that 5*00 = 1/^1^ = | sin (|). The graph 
matrices -/V{q x} and A^^j^ gj. 



15 



describes the fundamental fusion 



4.4 G2 at level 3 and its exceptional quantum subgroup S3 
G2 at level 3 

The category — ^^3(62) has six simple objects {ta — 6). The following table gives the 
chosen ordering for the highest weights, the quantum dimensions, the conformal weights 
modulo 1, and the size of blocks for the associated quantum groupoid. 



{0,0} {0,1}_ {0,2} {1,0} {0,3} {1,1} 

1 H3 + V21) i(7 + V2T) i(3 + N/2T) i(3 + N/2l) ^ (5 + ^21) 

2 2 4 1 Q 

"7 3 7 7 " 

6 20 30 20 20 25 

The central charge is c = 6, the bialgebra dimension is de ~ 2761 = 11^251^, and 

|^3| = |^3(G2)| = f (5 + V2T). 
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Figure 16: The fusion graph of ^3(^2)). 



The modular generators are as follows 
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where {^1,^2,^3} are the three real roots of the polynomial 



1 

77 



5- 



21) \ 



21) y 



2u + 1, ordered 



from the smallest to the largest. Notice that ^oo — 1/ \/\A^\ = y 3^ (5 ^ "/Sl) 



The graph 16 describes the fundamental fusion matrices -^{0,1} and N^i ^^. 



The exceptional quantum subgroup 8^ 

We use the embedding G2 C Eq (with Dynkin index fc = 3), which is conformal when the 
level of G2 is fc = 3 and the level of Eq is 1 (same conformal charges c). 

The integrable representations of Eq at level 1 are the trivial representation and the two 
basic representations {1, 0, 0, 0, 0; 0} and {0, 0, 0, 0, 1; 0} of classical dimensions 27 (notice 
that not all fundamental representations appear). A priori the type / partition function 
obtained by reduction will have three modular blocks (two of them should be equal, by 
classical symmetry). The above three simple objects of Eq have a (quantum) dimension 
equal to 1 (using q = exp{i'K/(12 + 1) for Ai{Eq)), so that summing their square gives 
the ambichiral dimension |J| — 3. Their conformal weights are {0,2/3,2/3}. Comparing 
them with those obtained (modulo 1) for G2 at level 3 (i.e., using q = ea:p(«7r/(3 + 3)) 
gives a necessary condition for branching rules. One obtains in this way one exceptional 
G2 partition function (quadratic form): 



/ 1 



Z=({0,0} + {l,l})2 + 2{0,2}2 



M 



V 1 



1 \ 



1 / 
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The modular invariant matrix AI defined hy Z — ^ m Mmn n indeed commutes with 
S and T. 

The simple objects appearing in the first modular block of Z define a Frobenius algebra 
T - {0,0} ® {1,1}, with = \Az{G2)\/\£s\ = grf^TO({0,0}) + qdim{{l,l}) = 1 + 
i (5 + \/2T). Since \ Ay.\ = {b + ^21), we find l^g] = | (7 + \/2T). The general relation 
|-4fc(G)| = (|£fc|)^/|J| leads again to |J| = 3. The number of simple objects for Az{G2) 
is rA = 6. From the modular invariant matrix we read the generalized exponents and 
obtain = 4 (number of simple objects a of the quantum subgroup), tq — ^ (number 
of quantum symmetries x), ryy = 5 (number of independent toric matrices Wx)- 

Resolution of the modular splitting equation, leads to the list of toric matrices Wx- 
One has to analyze 8 possible norms associated with matrices JCmn- Three toric matrices 
appear in norm 1 and two other independent ones in norm 3, so we reach the total rw = 5, 
but the fourth one has to appear twice, and the last one, three times, in the final list, so 
we reach the total = 8. The first is the modular invariant and was already given, the 
four others Wx's are as follows: 



1 1 1 1 M / 

2 2 2 2 2 



1 1 



1 



1 J 



1 
1 
1 
1 

\ 1 



1 
1 
1 

1 / 



Generators for quantum symmetries 0{E) are obtained from the toric matrices by solving 
intertwining equations. Again, we display separately the graphs associated with {0, 1} (the 
two chiral generators Vbi,oo (left blue: plain lines) and Vbo,oi (right blue: dashed Hues)), 
and those associated with {1,0} (the two chiral generators Vio,oo (left brown: plain lines) 
and Vbo,io (right brown: dashed lines)), on figures 17(a) 17(b) 





(a) The left and right generators (0, 1} 



(b) The left and right generators {1,0} 



Figure 17: Quantum symmetries of £3(02) 



From the generators (graphs) of quantum symmetries, we discover the generators 
(annular matrices F^o,i} and ^"{1,0}) for the quantum subgroup £3(6*2) itself, and discover 
as well the existence of a module denoted £3^ . Their graphs are given on figures 18(a) 
and |18(b)| As usual the blue color corresponds to {0, 1} and the brown to {1,0}. £3 enjoys 
self-fusion (its unit is in position "1") and its three modular points corresponding to the 
three ambichiral points obtained as intersection of chiral parts of the graph of quantum 
symmetries, are located in positions {1,3,4}. The graphs for generators {0, 1} and {1,0} 



27 



turn out to be identical, and this is certainly not a generic feature for other values of the 
level k. We shall explain this coincidence below. So, f{o,i} is equal to -^{1.0} for this 





(a) £s{G2) 



(b) £3^'{G2) 



Figure 18: Fusion graphs for the quantum subgroup £3(02) and its module £3^^ {G2) 



particular value of fc = 3. Actually F^o,i} — ^{1.0} = -^{0,3} j with 



'{0,1} 



/ 1 \ 
13 11 
10 

\ 1 y 



F, 



{0,2} 



^ 1 1 1 
15 11 
110 1 

V 1 1 1 y 



F, 



{1,1} 



/ 1 1 \ 
14 11 
110 

\ 1 1 y 



The other annular matrices are obtained, for instance, from the fusion polynomials : 
/i = l, /2=x, /3 = l(4x5-17x4-2x3 + 37x2+x-7) 
/4 = i (-4x^ + 17x4 + 2x3 _ 30x2 _ 

/s = i (2x5 _ _ i^^3 _^ i^^2 _^ 25x) , /e = y (-3x5 _^ ii^4 _^ -^2x^ _ ^^^2 _ + 7) 
We can obtain annular matrices for the module in a similar fashion. Notice that in the 
present case one can express all fusion matrices, including the fundamental iVji o}, in 
terms of the basic one A'^^o.i}- In particular the former is given in terms of the later by 
the polynomial f^. One can see that A'^{i,o} 7^ -^{0,1} and -^{1.0} 7^ ^^{0,1}*'^- However, 
the minimal polynomial of -F{o,i} is — 3x^ — 3a; and the reminder of the polynomial 
quotient of fi by the later is just x. For this reason ^{1,0} = ^{0,1} ■ The first essential 
matrix for the quantum subgroup (intertwiners) and its module are given below: 
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The horizontal dimensions of ^3, are (i„ = {4, 9, 17, 9, 9, 13} so that 



For the module £"3*^ we find d„ = {4, 15, 23, 15, 15, 19} and ds 1581 



= 717 = 3^2391. 
31 I7I311. The 
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q-dimensions of simple objects of £3, calculated from the normalized Perron- Frobenius 
vector are {l, ^ (3 + \/2T) , 1, l}, so that by summing squares we recover the global di- 
mension 1^3! — 3/2(7 + S'(7rt[21]) already obtained. For the module, we find q-dimensions, 



{l,i(3-l-y2T),i(3 



2l),i(3 + \/2T)} and \E- 



7 



4.5 G2 at level 4 and its exceptional quantum subgroup £^4 
G2 at level 4 

The category A/^ — Aii(G2) has nine simple objects [ta = 9). The following table gives the 
chosen ordering for the highest weights, the quantum dimensions, the conformal weights 
modulo 1, and the size of blocks for the associated quantum groupoi'd. 



{0,0} 
1 

9 



{0,1} 
2-h V6 



1 
4 

34 



{0,2} 
2(2-^76) 



12 

66 



{1,0} 

3 + %/6 
1 
2 

41 



{0,3} 
5-H2\/6 


73 



{1,1} 
2 (3 + ^6) 
7 

8 

80 



{0,4} 

3 + n/6 
1 
2 

41 



{1,2} 
2(2 + 76) 



1 

3 

66 



{2,0} 
2 + \/6 



1 
4 

34 



The central charge is c = 7, the bialgebra dimension is = 26196 — 2^3^37^59^, and 
|y^4| = |y^4(G2)| = 48 (5 + 2-\/6). The modular generators are as follows : 
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/ ^(3-V6) 
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12 



%/6) - 



1 
2 
1 
4 
1 

V6 
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2\/6 



1 

2\/6 
l + \/3 
2Y^ 

76 
1 

2\/2 
1 

2\/6 



]_ 

2Y^ 

l-\/3 
2\/6 



1 
1 



1 




1 

1 



1 

4 
1 

2\/2 





^1-72) 
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_ 1 

:i+'V2) 


\_ 

2^/2 



diag ''^^ , e ,e '1" , e ^1" , e ^12' ^ , 
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V6) 



1 

2^6 

"76 
1 
4 



12 



V6) 



1 
2 
1 
4 

1 

"\/6 
1 

2\/6 



1 

2 




_ 1 
2 

1 
2 



_ 1 

2 



1 

4 

1 

2V2 
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2V2 



1 

1 

76 



1 





1 

1 

76 



In particular one checks that 5oo — 1/ \/\A4\ = (3 — \/6)- 

The graphs 19 describe (separately) the fundamental fusion matrices N^q i^ and A^{i^o}- 



1 

2\/6 
l-\/3 
2^6 

76 
]_ 

2V2 
]_ 

276 



1 

272 

"71 
1+73 

276 





(a) ^4(62), rep. {0,1} 



(b) ^4(6*2), rep. {1,0} 



Figure 19: Fusion graphs for ^4(^2) 
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The exceptional quantum subgroup £4 



We use the embedding G2 C i^y = 5'pm(14) (with Dynkin index k = 4), which is 
conformal when the level of G2 is fc = 4 and the level of I?7 is 1 (same conformal charges 
c). This is the adjoint embedding : dim{G2) — 14 and the level k coincides with the dual 
Coxeter number G2. 

The integrable representations of D-j at level 1 are the trivial, the vectorial and the 
two spinorial representations. A priori the type / partition function obtained by reduction 
will have four modular blocks (two of them being equal). The above four simple objects 
of D7 have a (quantum) dimension equal to 1 (using q = exp{in/(l2 + 1) for ^1(1)7)), 
so that summing their square gives the ambichiral dimension \J\ =4. Their conformal 
weights are {0,7/8,7/8,1/2}. Comparing them with those obtained (modulo 1) for G2 
at level 4 (i.e., using q = exp{ii: /{A + 4)) gives a necessary condition for branching rules. 
One obtains in this way one exceptional G2 partition function (quadratic form): 



/ 1 



1 



Z = ({0, 0}+{0, 3})2+({0, 4}+{l, 0})2+2{l, l}^ M = 



V 



1 . . 1 

. 1 . . 

. . 2 . 

1 . . 1 



One verifies that the modular invariant matrix M defined by Z ^ ^ m M„^n n indeed 
commutes with S and T. 

The simple objects appearing in the first modular block of Z define a Frobenius algebra 
J"- {0,0}® {0,3}, with \F\ = 1^^3(^2)1/1^31 = gdim({0,0}) +qdim({0,3}) = 6 + 2^. 
Since \Aa\ = 48(5 + 2^6), we find = 8(3 + 76). The general relation |A(G)| = 
(|ffe|)^/| J| leads again to the result | J| = 4. The number of simple objects for Ai{G2) 
is rA = 9. From the modular invariant matrix we read the generalized exponents and 
obtain te = 6 (number of simple objects a of the quantum subgroup), ro = 12 (number 
of quantum symmetries x), ryy = 9 (number of independent toric matrices W^)- 

Resolution of the modular splitting equation, leads to the list of toric matrices Wx- 
One has to analyze 14 possible norms associated with matrices )Cmn- Five toric matrices 
are found in norm 1, three others in norm 2 (two of them appear twice), and the last, which 
also appear twice, in norm 3 is half the corresponding /Cmn, which has even coefficients. 
So we recover rw = 5 + 3 + 1 and ro = 5 + (1 + 2 x 2) + 2 x 2, i.e., 12 toric matrices (9 
independent ones) of dimension 9x9 that we cannot give here (the first is the modular 
invariant, as usual). 

Generators for quantum symmetries are obtained from the toric matrices by solving 
intertwining equations. We give only, on figure |20[ the graph of quantum symmetries 
for the left and right generators V{o,i}.{o,o} a-nd V{o,o}.{o,i} corresponding to the basic 
representation {0, 1}. The graph corresponding to the other fundamental representation 
{1, 0} is more cluttered, and is anyway not needed because matrices (fusion iVji 0} , annular 
^{1,0} or double fusion V{i.o}) can be expressed polynomially in terms of their {1,0} 
analogs with a fusion polynomial^ {1, 0} = /({0, 1}) with 



1 

40 



-39x^ + 255x^ - 179x'^ - 1059x^ + 810x^ + 1352x3 - 552x2 _ g^g^ _ 



^^Fusion polynomials have usually rather complicated rational coefficients, 
Nn, Fn, Vm,n are non negative integers, as it should be. 



but matrix elements of 
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Figure 20: Quantum symmetries (left and right) of £4(02) for the basic representation {0, 1} 



Intersection of the left and right connected components of the unit (marked "1") define 
the ambichiral vertices {1,4,5,6}. The left (or right) graph has two non isomorphic 
connected components, so that we discover both a quantu m s ubgroup £4 and a module 



£4^^. Adjacency matrices of their graphs (given on figure 21) are the annular matrices 



F{o,i} and -F{o,i}*^ extracted from the double fusion generator V{o.i}.{o,o}- We display 
both actions of {0,1} (blue lines) and {1,0} (brown lines), although the later could be 
obtained from the former by using the previously given fusion polynomial. The nine 





(a) £4(02) 



(b) £i''{G2) 



Figure 21: Fusion graphs for the quantum subgroup £4(02) and its module £4 {G2) 



annular matrices, both for the quantum subgroup and its module, are calculated with 
fusion polynomials. We only give ^{0,1} and -F{o,i}*^j well as the first essential matrix, 
for both. 
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^{0,1} = 



/010000\ 

12 2 10 
2 2 1 1 
1 
1 

\ 1 y 



n M _ 
{0,1} - 



/ 1 1 \ 

1 1 
10 1111 
10 1111 
11111 

\ 1 1 1 1 1 y 



/ 



En 



V 



M 



\ 



The horizontal dimensions of £4, are dn = {6,16,32,22,38,44,22,32,10} so that = 
6944 = 2^71311. For the module 8^^ we find d„ = {6,24,48,30,54,60,30,48,24} and 
dB = 14112 = 2^ 3^ 7^. The q-dimensions of simple objects of £4, calculated from the 
normalized Perron- Probenius vector are {l, 2 + \/6, 2 + -\/6, 1, 1, l}, so that by summing 
squares we recover the global dimension 1 = 8 (3 + -\/6) already obtained. For the 

module, we find q-dimensions, + \f^,^ + \/ + \f^,'^ + ^f^^ and \£4^\ = 

4 (3 + v^). Going back to the graph of £4, we can check the known value of | J| = 4 by 
summing the squares of quantum dimensions relative to the modular vertices {1,4,5,6} 
corresponding to the ambichiral vertices of the graph of quantum symmetries. 
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